We determine the precise bifurcation diagrams of the apparent contours of generic crosscaps, which contain the information of bifurcations with respect to the images of the singular sets of crosscaps: crosscap points and double point curves. Especially, three different kinds of equivalences play key roles.
Introduction
In this paper we consider an orthogonal projection of a crosscap, especially the bifurcation of both the apparent contour and the projection of the singular set. Let π v : R 3 → R 2 be the linear orthogonal projection with the kernel direction v ∈ S 2 . For a surface M ⊂ R 3 locally parametrized around the origin by φ : R 2 , 0 → R 3 , 0, define the germ Π v := π v • φ : R 2 , 0 → R 2 , 0. Π v is called the orthogonal projection of M along v. The discriminant of the orthogonal projection Π v is called the apparent contour of M along v. The bifurcations of the apparent contours with the parameter v ∈ S 2 for regular surfaces are well studied [1, 3, 9, 10, 12, 16, 19] .
Here we deal with the orthogonal projections of a crosscap. The crosscap is the image of a map germ g : R 2 , 0 → R 3 , 0 which is A-equivalent to the map germ φ : R 2 , 0 → R 3 , 0, (x, y) → (x, xy, y 2 ). (Here two smooth map germs are said to be A-equivalent if they coincide by local coordinate changes of the source and the target). Especially, the crosscap which is parametrized by φ is called the standard crosscap and denoted by X (Fig. 1) .
A crosscap has stable singular sets: the crosscap point and the double point curve. Thus the crosscap is worth studying next to regular surfaces. In fact, the bifurcation of the apparent contour of generic crosscaps are well studied in [11, 21, 22, 23] through the discussion of A-equivalence for the germ of the orthogonal projection Π v : R 2 , 0 → R 2 , 0 (see also [6, 8] ). However the information of the projection of the double point curve in R 3 is lost when we just consider the A-equivalence. In order to get over the above problem, we consider a special A-equivalence for submersions R 3 , 0 → R 2 , 0, where the coordinate change of the source space preserves the standard crosscap X ⊂ R 3 . This equivalence is called the A(X)-equivalence. The A(X) is one of Damon's geometric subgroups [7] of A, and the A(X)-classification is given as in Table 3 by West [21] . Based on her classification, we analyze the bifurcation diagram for the versal unfolding of each A(X)-type. See also [4, 5, 13, 15, 20] where similar approaches based on Damon's theory are taken to study some complicated objects.
Figures 2 -7 of bifurcations are our main results. Here the bifurcation at the crosscap point is determined by the A(X)-type of germs. In addition, the A(X)-classification contains richer information: we can consider the A and B-types of the germ by taking the parametrization φ : R 2 , 0 → R 3 , 0 (see Section 2). This approach precisely gives us the delicate geometry of the bifurcation diagram of the apparent contour with the information of the projection of the singular set of the crosscap (see Section 3). Note also that a germ of codimension 2 in Table 3 have one moduli parameter with some condition. West [21] mentioned that the value of the moduli affects the configuration of the germ. Theorems 3.1, 3.2 in the present paper a give new geometric interpretation to the moduli: the diffeomorphic types of the bifurcation diagrams change as the moduli goes through the except values of the conditions. for map germs: Two map germs f 1 , f 2 : R 2 , 0 → R 2 , 0 are said to be Aequivalent if there exist diffeomorphim germs s, t of the source and the target such that f 1 •s = t•f 2 . Let (x, y) be the coordinate of R 2 of the source space. If the diffeomorphism s of the source preserves the y-axis, we say f 1 and f 2 are B-equivalent. The A or B-classifications of map germs R 2 , 0 → R 2 , 0 up to codimension 1 are given in Table 1 , 2 (cf. [4, 11, 14, ?, 17] ). In fact [4] deals with the equivalence of germs defined on the half plane of R 2 with a boundary line, which is essentially the same with the B-equivalence of map germs R 2 , 0 → R 2 , 0.
Name
Normal form A e -cod 2 (fold) (x, y 2 ) 0 3 (cusp) (x, xy + y 3 ) 0 4 2 (beaks and lips) (x, y 3 ± x 2 y) 1 5(swallowtail) (x, xy + y 4 ) 1 Next, we introduce A(X)-equivalence of map germs R 3 , 0 → R 2 , 0. Two map germs h 1 , h 2 : R 3 , 0 → R 2 , 0 are said to be A(X)-equivalent if there exist diffeomorphim germs s, t of the source and the target such that h 1 •s = t•h 2 , where s preserves the standard crosscap X, i.e. s(X) = X. West [21] completed the A(X)-classification of germs of submersions R 3 , 0 → R 2 , 0 with A(X)-codimension ≤ 2 as in Table 3 ((u, v, w) is the coordinate of R 3 of the source).
Bifurcation diagram
Suppose a crosscapX is diffeomorhic to the standard crosscap X by a diffeomorhism ϕ : R 3 , 0 → R 3 , 0 i.e. ϕ(X) =X. By the natural extension of the transversality theorem of Bruce-West [5] , we can see that for a generic crosscapX, the germ of the submersion π v • ϕ : R 3 , 0 → R 2 , 0 is A(X)-equivalent to one of germs in Table 3 , and is an A e (X)-versal unfolding of each germ with the parameter v.
Name
Normal form B-cod II (semi-fold) (y, xy + x 2 ) 0 III (semi-cusp) (y, xy + x 3 ) 1 V (semi-beaks and lips) (y, x 2 ± xy 2 ) 1 V III (boundary cusp) (x + y 3 , y 2 ) 1 Table 2 . B-classification up to B e -cod ≤ 1 [4] .
. a ∈ R is a moduli parameter and α, β ∈ R are parameters of unfodings. The codimension in the third column means the codimension of the stratum.
Take the A e (X)-versal unfolding F : R 3 × R p , (0, 0) → R 2 , 0, and put F q (x, y) := F (x, y, q) for q ∈ R p . We should consider the different equivalences of germs depending on the sort of the point. The A(X)-equivalence for the germ F a : R 3 , 0 → R 2 , 0 distinguishes the types of singularities at the crosscap point. On the other hand, the types of singularities at points other than the crosscap point are distinguished by A or B-equivalence of the germ F a • φ for φ(x, y) = (x, xy, y 2 ) (the parametrization of the standard crosscap X). Precisely speaking, the singularities at the region of the regular surface is studied by A-equivalence, and the singularities at the double point curve which coincides with the y-axis in the source is studied by B-equivalence. As seen in the previous section, the A or B-classifications of map germs R 2 , 0 → R 2 , 0 are given as in Table 1 , 2, and the criteria to determine their types for given map germs are also invented in [4, 18] . Thus we can use the results to study the germ F a • φ at points near to the origin.
Our goal is to get the bifurcation diagrams for the A(X)-types in Table  3 . The bifurcation diagram B F for an A e (X)-versal unfolding F : R 3 × R p , (0, 0) → R 2 , 0 is the subset of R p , 0 where one of the followings hold for a ∈ B F : F a : R 3 , 0 → R 2 , 0 has an unstable A(X)-type at the origin; F a • φ : R 2 , 0 → R 2 , 0 has an unstable A or B-type at some point on R 2 ; or some unstable multi-germs arise including the combination of the above unstable types (cf. [11, 14] ).
In the following we analyze the bifurcation diagrams for the versal unfoldings in table 3 by using criteria in [4, 18] . Especially we use Saji's notations: For a smooth map germ f : R 2 , 0 → R 2 , 0, (x, y) → (f 1 (x, y), f 2 (x, y)), take the Jacobian λ :=
∂(x,y) . If f is corank one (corank df = 1), we take a nonzero vector field η around the origin on the source space which spans the kernel direction of df on the set of singularities. For instance, the A-type of the swallowtail is characterized by the next style [18] :
Remark that the choice of η is not unique, but the criteria are independent of the choice. (The numbers (1), (2), · · · , (7) correspond to those in the previous statement). Especially, the difference between (5) and (7) is
Proof :
It is easy to see that the locus of the (b)-type is expressed as β = 0, by considering the direct coordinate changes of the 1-jet as done in [5, 21] . Eliminating y, we obtain the desired equation
(3) [Semi-lips and beaks]: The singularity of type semi-lips or semi-beaks appears at some point (0, y) on the y-axis in the source space when the set of singularities λ −1 (0) is tangent to the y-axis (see [4] ). Thus we get the equations x = λ(x, y) = ∂λ ∂y (x, y) = 0. By a direct calculation we get α = 4y − 6y 2 − 15ay 4 and β = 2y 2 − 4y 3 − 12ay 5 .
Eliminating y, we obtain the desired equation
(4) [Semi-cusp]: According to [4] the locus of semi-cusp-type is defined as
so we get α = 2y − 4y 2 − 9ay 4 and β = −2y 3 − 6ay 5 .
Eliminating y we obtain
(5) [Boundary cusp]: This type is characterized by that the null vector field η is tangent to the y-axis at some point (0, y) (y = 0) in the source [4] . Thus we consider the equations x = λ = 4y 3 + 6ay 5 + 2αy = 0, and we get α = −2y 2 − 3ay 4 , β = −2y 2 .
By eliminating y from the above, the following holds:
(6) [The crosscap point on the double fold]: The singular set is given by Σ = λ −1 (0), and consider the apparent contour ∆ :=F (Σ). Let γ : R → R 2 , y → γ(y) be the parametrization of ∆, then γ(y) = y(−2β + 3αy − 4y 2 + 5y 3 + 7ay 5 ), y 2 (−β + 2αy − 3y 2 + 4y 3 + 6ay 5 ) .
Since the crosscap point is the origin in the target, we should consider the condition where there exists y = 0 such that γ(y) = 0, which is equivalent to −2β + 3αy − 4y 2 + 5y 3 + 7ay 5 = −β + 2αy − 3y 2 + 4y 3 + 6ay 5 = 0.
Eliminating y, we obtain the desired equation The double point curve crosses with itself at the crosscap point if and only if τ (y) = 0 for some y = 0, which gives us
this completes the proof. Then substitute them into λ = 0 which leads to
hence we obtain y = −3x 2 ± x 3ax + 9x 2 + 1.
We substitute the values into α and β, and by eliminating x from the equations we get
where
The swallowtail locus is defined by λ = ηλ = η(ηλ) = 0, which gives us a little bit complex equations by variables x, y, α, β, and we want to deduce an equation just by α and β (cf. [22] ). From the equations λ = η(ηλ) = 0 we get α = −y ± x 4ax + 9x 2 − 2y + 1,
Substitute these into the equation ηλ = 0, and we get x(2 − 2y) + 7ax 2 + 18x 3 ± 6x 2 + 2y 4ax + 9x 2 − 2y + 1 = 0 with y = 0. Thus the above equation can be solved by y around the origin (x = y = 0), and expressed as (5) and
Next substitute these into α and β, and eliminate x. Then we have
and
with H + and H − as in the above. 
We substitute them into the rest equation λ = 0, which gives us −2ax 3 + 4x 2 y − x 2 + y 2 = 0, and this is solved by y around the origin: y = −2x 2 ± x 2ax + 4x 2 + 1.
We substitute the above values of y into α and β, and eliminating x from the equations we get Remark that F •φ(x, y) = (xy+x 3 +αx, y 2 −x 2 +ax 3 +βx) is an A e -versal unfolding of the germ of II 1 2,2 (deltoid) which gives no unstable singularities of A-types [11] . However when considering the A(X) and Bequivalence, we see the geometry of the bifurcation as in Theorem 3.3 and Figure 7 . 
